A graph is called 1-planar if it admits a drawing in the plane such that each edge is crossed at most once. In this paper, we study 1-planar lexicographic products.
Introduction
All graphs considered in this paper are finite, simple and undirected. We use V (G) and E(G) to denote the vertex set and the edge set of a graph G, respectively.
One of the most studied areas in graph theory is related to planar graphs (graphs that can be drawn in the plane without crossing edges). More recently, researchers have investigated graphs that are almost planar.
A graph is called 1-planar if it can be drawn in the plane so that each edge is crossed by at most one other edge. The family of 1-planar graphs, although introduced already in 1965 by Ringel [13] in connection with simultaneous vertex-face colorings of plane graphs, was explored in a deeper detail quite recently (see e.g. [1, 2, 4, 6, 7, 8, 11, 12] and references therein).
A systematic study of graph operations that preserve 1-planarity was motivated by the paper [3] , in which the full characterization of 1-planar complete multipartite graphs is presented. As a complete (k + 1)-partite graph is the join of a totally disconnected graph and a complete k-partite graph the authors of [5] studied under which conditions the join product is 1-planar. Recall that the join product (or shortly, join) G + H of two graphs G and H is obtained from vertex-disjoint copies of G and H by adding all edges between V (G) and V (H).
In this paper we deal with another graph product, namely lexicographic product.
A lexicographic product G • H of two graphs G and H is a graph such that the vertex set of G • H is the cartesian product V (G) × V (H) and two vertices (u, v) and (x, y) are adjacent in G • H if and only if either u is adjacent to x in G or u = x and v is adjacent to y in H.
Note that the lexicographic product is not commutative, i.e. G•H = H •G in general. The lexicographic product is also known as graph substitution, since G • H can be obtained from G by substituting a copy H u of H for every vertex u of G and then joining all vertices of H u with all vertices of H v if uv ∈ E(G).
Results
Let C n , P n and K n denote the cycle, the path and the complete graph with n vertices. The disjoint union of two graphs G and H is denoted by G ∪ H. The disjoint union of k copies of a graph G is denoted by kG. The fact that H is a subgraph of G is denoted by H ⊆ G. Observe that if a graph has a 1-planar drawing in which two edges e 1 , e 2 with a common endvertex cross, then the drawing of e 1 and e 2 can be changed so that these two edges no longer cross. Therefore, we may assume that adjacent edges never cross and that no edge is crossing itself in any 1-planar drawing of a 1-planar graph.
It is easy to establish the following right-distributive rule.
Observation 2.1 Let G 1 , G 2 and H be graphs and let
On the other hand, there is no corresponding left-distributive rule, for example From Corollary 2.2 it follows that when we investigate 1-planarity of lexicographical product G • H we can assume that G is connected. Proof If |V (H)| ≥ 5, then H contains 5P 1 as a subgraph. Hence, P 2 • 5P 1 is a subgraph of G • H. Observe that P 2 • 5P 1 is a complete bipartite graph K 5,5 . In [3] it is proved that K 5,5 is not 1-planar. Consequently, its supergraph G • H cannot be 1-planar.
Lemma 2.5 Let G = P 2 and let H be a graph on at most four vertices. Then G • H is 1-planar if and only if either H ⊆ C 4 or H ⊆ C 3 .
The graph K 6 is 1-planar (see [3] ), therefore its subgraphs are also 1-planar.
Clearly, any connected graph on at least three vertices contains a path on three vertices as a subgraph.
Corollary 2.7 If G is a connected graph on at least three vertices and H is a graph on at least four vertices, then G • H is not 1-planar.
Lemma 2.8 Let G be a connected graph on at least three vertices and let H be a graph on three vertices. If the maximum degree of G is at least three, then G • H is not 1-planar.
Proof If the maximum degree of G is at least three, then it contains K 1,3 as a subgraph. Consequently,
In [3] it is proved that K 3,9 is not 1-planar, hence its supergraph G • H cannot be 1-planar.
Corollary 2.9 If G is a connected graph on at least three vertices, H is a graph on three vertices and G • H is 1-planar, then G is either a cycle or a path.
Lemma 2.10 Let G be a cycle and let H be a graph on three vertices. Then G • H is not 1-planar.
Proof Clearly, it is sufficient to show that G • 3P 1 is not 1-planar.
First assume that the number of vertices of G is even. In this case the graph G • 3P 1 is bipartite. Observe that every vertex of G • 3P 1 has degree six. Therefore, |E(G • 3P 1 )| = 3|V (G • 3P 1 )|. In [4] it is proved that every n-vertex 1-planar bipartite graph has at most 3n − 6 edges. Consequently, G • 3P 1 cannot be 1-planar. Now assume that G is an odd cycle on n vertices. Let v i,j , i = 0, . . . , n − 1,
and v i−1,j+2 , the subscripts i and j being taken modulo n and 3, respectively.
Assume
0, . . . , n−1. Observe that G i = K 3,6 for any i = 0, . . . , n−1, therefore any drawing of G i contains at least six crossings, see [9] . Assume that G • 3P 1 has a 1-planar drawing D in which, w.l.o.g., G 1 has at least seven crossings. Since the graphs G i are edge-disjoint for i = 1, 3, . . . , n − 2 they altogether contain at least 7 + 6 · n−3 2 = 3n − 2 crossings. Moreover, the six vertices v 0,0 , v 0,1 , v 0,2 , v n−1,0 , v n−1,1 and v n−1,2 induce K 3,3 . Since K 3,3 is not planar, any its drawing contains a crossing. Consequently, if G 1 has at least seven crossings, then the 1-planar drawing D of G•3P 1 has at least 3n−2+1 = |V (G•3P 1 )|−1 crossings. In [4] it is proved that any 1-planar drawing of a 1-planar graph on x vertices has at most x − 2 crossings. Therefore, G 1 cannot contain more than six crossings.
This implies that if the subgraph of G • 3P 1 induced by the six vertices
has k crossings, then the subgraph induced by v n−1,0 , v n−1,1 , v n−1,2 , v 0,0 , v 0,1 , v 0,2 has also k crossings. Consequently, G 0 has k + k = 6 crossings, therefore k = 3. From this it follows that every subgraph of
Lemma 2.11 Let G be a path and let H be a graph on at most three vertices. Then G • H is 1-planar.
Proof Let n be a positive integer. Clearly, it is sufficient to show that P n • C 3 is 1-planar. A 1-planar drawing of P n • C 3 is depicted in Figure 1 . The n triangles (which correspond to the n vertices of P n ) are formed by vertices v i,0 , v i,1 and v i,2 for i = 0, . . . , n − 1. The remaining cases -G has at least three vertices and H has two vertices -are more difficult. In these cases we prove that if G is a tree, then G • H is planar; if G is a cactus (a connected graph in which every edge belongs to at most one cycle), then G • H is 1-planar. Moreover, we show that if G is a graph that contains a triangle such that at least one of its edges belongs to more than one cycle, then G • P 2 is not 1-planar.
Lemma 2.13
If S is a star, then S • P 2 is planar.
Proof Let u be the central vertex and let u 1 , . . . , u n be the other vertices of S. In Figure 2 is depicted a construction of a planar drawing of S • P 2 . In S • P 2 the edge v * corresponds to the vertex v in S. Theorem 2.14 If T is a tree, then T • P 2 is planar.
Proof We use induction on the number of vertices of T . If T has at most three vertices, then it is a star and the result follows from Lemma 2.13. Now assume that v is a leaf in T incident with u. The graph (T − {v}) • P 2 has a planar drawing, since T − {v} has fewer vertices than T . It is easy to extend the planar drawing of (T − {v}) • P 2 to a planar drawing of T • P 2 . First we insert an edge e v (which corresponds to the vertex v) into a face of (T − {v}) • P 2 that is incident with the edge e u corresponding u. Thereafter we join the endvertices of e v with the endvertices of e u , see Figure 3 . Lemma 2.15 If C n is a cycle, then C n • P 2 has a 1-planar drawing such that the edges of C n • P 2 that correspond to the vertices of C n are not crossed.
Proof In Figure 4 is depicted a construction of a 1-planar drawing of C n • P 2 for even and odd n, respectively, with the desired property. Figure 4 : A 1-planar drawing of C n • P 2 .
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Theorem 2.16
If G is a cactus, then G • P 2 has a 1-planar drawing such that the edges of G • P 2 that correspond to the vertices of G are not crossed.
Proof We use induction on the number of vertices of G. If G is a tree or a cycle, then the result follows from Theorem 2.14 or Lemma 2.15, respectively.
First assume that v is a pendant vertex in G incident with u. The graph (G − {v}) • P 2 has a desired drawing, since G − {v} has fewer vertices than G. The arcs of this drawing divide the plane into some mutually-disjoint regions. We extend this drawing of (G − {v}) • P 2 to a desired drawing of G • P 2 in the following way. First we insert an edge e v (which corresponds to the vertex v) into a region of (G − {v}) • P 2 that is incident with the edge e u corresponding u. Thereafter we join the endvertices of e v with the endvertices of e u , see Figure 3 . Now we can assume that there is no pendant vertex in G. Let C be a cycle in G that is incident with only one cut-vertex u (if there is no such a cycle, then G is a cycle). Let H be a graph obtained from G by removing all vertices incident with C except for u. The graph H • P 2 has a desired drawing D H , since H has fewer vertices than G.
Let D C be a 1-planar drawing of C • P 2 according to Figure 4 such that the arc of D C (the edge of C•P 2 ) corresponding to the vertex u of C is incident with the unbounded region. From the drawings D H and D C we obtain a required drawing of G • P 2 in the following way. We identify the arc of D H with the arc of D C that correspond to the vertex u such that all vertices and arcs of D C are in the same region of D H (we insert D C to D H ).
Korzhik [10] showed that K 6 minus one edge has exactly three different 1-planar drawings, see Figure 5 (for the definition of equivalent drawings see [10] , p. 1320). Clearly, there is only one way how to place the last edge in Figure 5 to obtain a 1-planar drawing of K 6 . Consequently, K 6 has a unique 1-planar drawing.
Theorem 2.17 If G contains a triangle such that at least one of its edges belongs to more than one cycle, then G • P 2 is not 1-planar.
Proof Let v 1 v 2 v 3 be a triangle in G and let P be a path of length at least three in G with endvertices v 1 and v 2 such that v 3 ∈ P . Assume that G • P 2 is 1-planar.
The subgraph v 1 v 2 v 3 • P 2 = K 6 of G • P 2 has a unique 1-planar drawing. The crossed edges of K 6 divide its 1-planar drawing into five parts as it is depicted in Figure 6 .
All vertices of G • P 2 corresponding to the inner vertices of P must lie in the same part of the 1-planar drawing of K 6 , since they form a connected subgraph. On the other hand, the vertices of G • P 2 which correspond to the first and the last inner vertices of P are joined with at least four vertices of K 6 , but this is not possible since any part of K 6 contains no more than three vertices, a contradiction.
We conclude this paper with the following conjecture.
Conjecture 2.18
If G is not a cactus, then G • P 2 is not 1-planar.
Summary
In the following table we collect our results, where ∆(G) denotes the maximum degree of G. |V (H)| ≥ 4 NO P n , n ≥ 1
If and only if G is 1-planar. ∆(G) ≥ 3 2P 1 Open problem. cactus P 2 YES not a cactus P 2 Open problem.
